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FUNDAMENTAL GROUP OF SOME GENUS-2 FIBRATIONS AND
APPLICATIONS
R.V. GURJAR AND SAGAR KOLTE
ABSTRACT. We will prove that given a genus-2 fibration f : X → C on
a smooth projective surface X such that b1(X) = b1(C) + 2, the funda-
mental group ofX is almost isomorphic to pi1(C)× pi1(E), where E is an
elliptic curve. We will also verify the Shafarevich Conjecture on holomor-
phic convexity of the universal cover of surfacesX with genus-2 fibration
X → C such that b1(X) > b1(C).
INTRODUCTION
LetX be a smooth projective surface and C a smooth projective curve over
C. Suppose that there exists a morphism f : X → C such that a general
fiber is a smooth curve of genus 2. It was proved in [7] that for a genus two
fibration with irreducible singular fibers and ample canonical divisor, the
image of the map i : pi1(F ) → pi1(X) is finite, where F is a general fiber.
This was later generalized to hyperelliptic fibrations in [8]. Using this the
Shafarevich Conjecture for such fibrations was proved. In this paper we
will prove the following result.
Theorem. Let f : X → C be a relatively minimal genus-2 fibration on a
smooth projective surface X onto a smooth projective curve C . Suppose that
b1(X) > b1(C). Then we have the following assertions.
(1) If f is not a C∞-fiber bundle then one of the following holds:
(i)
pi1(X) ∼= pi1(C)× (Z⊕ Z)
where Z⊕ Z is the fundamental group of an elliptic curve.
(ii) pi1(R)×pi1(E0) maps homomorphically to pi1(X) with image of index at most
2, where R is a smooth projective curve with a two-to-one morphism to C and E0
is a smooth elliptic curve. In this case, pi1(X) ∼= Γ1 × pi1(E0), where Γ1 is the
image of the map pi1(R)→ pi1(X).
(2) Suppose that f is a C∞-fiber bundle.
If C is a rational curve then X is isomorphic to C × F .
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If C is an elliptic curve then X is isomorphic to a quotient of a trivial bundle
C ′ × F , where C ′ is an elliptic curve and F is a smooth curve of genus 2.
(3) If b1(X) = b1(C) + 4 then X is isomorphic to C × F . In fact, if the genus of
C is either 0 or > 2 then f is itself a trivial bundle.
Remarks. (a) If f is a C∞-fiber bundle then we have the well-known exact
sequence
· · · → pi2(X) → pi2(C)→ pi1(F )→ pi1(X)→ pi1(C)→ (1).
If further the genus of C > 0 then pii(C) = (0) for i > 1.
(b) Part (1) of the theorem is the main result of this paper. The first part of
(3) in the theorem is due to A. Beauville [3]. Presumably, the second part
of (3) is well-known to experts. We prove in the preliminaries (see, Propo-
sition) that if f is a relatively minimal genus-2 fibration which has at least
one singular fiber then b1(X) ≤ b1(C) + 2.
If on the other hand, if b1(X) = b1(C) + 4 thenX is isomorphic to C × F .
In the last section we will use the theorem to verify of the Shafarevich Con-
jecture for genus-2 fibrations such that b1(X) > b1(C).
Corollary 1. With the notation and assumptions of the theorem if b1(X) > b1(C)
then the universal covering space X˜ → X is holomorphically convex.
Corollary 2. With the notation and assumptions of the theorem if b1(X) > b1(C)
then the second homotopy group pi2(X) is a free abelian group.
Acknowledgements. The authors would like to thank the referee for reading
the paper carefully, pointing out some inaccuracies and for suggesting im-
provements in the presentation.
1. PRELIMINARIES.
In this paper we will deal only with complex algebraic or complex analytic
varieties.
We will start with some useful general results about fibrations on smooth
projective surfaces.
By a component of a (possibly reducible and non-reduced) curve B we
mean an irreducible component of B.
By a rational (elliptic) curve we mean a possibly singular irreducible curve
whose desingularization has genus 0 (resp. 1).
A smooth projective rational curve with self-intersection −n on a smooth
projective surface is called a (−n)-curve.
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Recall that an automorphism σ of finite order of a local analytic domain R
is a pseudo-reflection if there is a minimal generating set x1, x2, . . . , xr for the
maximal ideal of R such that σ(xi) = xi for 1 ≤ i ≤ r − 1 and σ(xr) = ωxr
for a suitable root of unity ω. We will implicitly use the well-known result
of Shephard-Todd, Chevalley that if R is the power series ring and G is a
finite group of automorphisms of R generated by pseudo-reflections then
the ring of invariants RG is again isomorphic to a power series ring [4].
Let ϕ : Y → B be a morphism on a smooth projective surface Y onto a
smooth projective curve B of genus g such that a general fiber F of ϕ is
irreducible. Let m1F1, . . . ,mrFr be all the singular fibers of ϕ with multi-
plicitiesmi > 1 for each i. Then there is a short exact sequence
pi1(F )→ pi1(Y )→ Γ→ (1)
where Γ ∼=< a1, b1, .., ag, bg, c1, .., cr|[a1, b1]...[ag , bg]c1c2...cr = 1, cm11 = ... =
cmrr = 1 > ([17], Lemma 2). Using this we see that the following natural
sequence of homomorphisms is exact
H1(F ;R)→ H1(Y ;R)→ H1(B;R)→ (0).
Thus, b1(Y ) ≤ b1(B) + b1(F ). On the other hand, A. Beauville has proved
in [3] that if equality occurs then Y is birational toB×F . In this case pi1(Y )
is isomorphic to pi1(B)× pi1(F ).
We have the following useful result which proves part (3) of the theorem.
Proposition 1. Let f : W → B be a relatively minimal genus-2 fibration on a
smooth projective surfaceW onto a smooth curve B.
(a) If f has a singular fiber then b1(W ) ≤ b1(B) + 2.
(b) If b1(W ) = b1(C) + 4 then X is isomorphic to C × F .
If the genus of C is either 0 or > 2 then f is a trivial bundle.
Proof. (a) We will first prove the result when genus ofB > 2 and reduce the
general case to this situation.
Let genus B>2. Suppose b1(W ) = b1(B) + 4. By Beauville’s resultW is bi-
rational to a product B × F where F is a smooth projective surve of genus
2. There is a surface W˜ obtained by a sequence of blow ups from W such
that the induced birational map τ : W˜ → B × F is a morphism. Since
W → B × F is defined outside a finite set of points, a general fiber F0 of f
is also a general fiber of f˜ : W˜ → B, and the image τ(F0) has to be a fiber of
the projection B × F → B since genus B>2. This shows that the birational
mapW → B × F sends fibers of f to fibers of the projection B × F → B.
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Let Fs be a singular fiber of f . Then both Fs and its inverse image in W˜ are
unions of rational and elliptic components. But such a fiber in W˜ cannot
map onto a genus 2 curve F which is a fiber of B × F → B.
This contradiction shows that b1(W ) ≤ b1(B) + 2.
Now we consider the general case. We can find a finite ramified map
B˜ → B which is e´tale at all points in B over which a singular fiber of f oc-
curs and such that genus B˜>2. Consider the fiber product W˜ := W ×B B˜.
Then W˜ is smooth and has an induced genus-2 fibration f˜ : W˜ → B˜.
Clearly f˜ is relatively minimal and f˜ has at least one singular fiber. By
the previous case, the image H1(F ;Q)→ H1(W˜ ;Q) has rank ≤ 2, where F
is a general fiber of f˜ . Then H1(F ;Q) → H1(W ;Q) also has rank ≤ 2 for a
general fiber F of f .
(b) Now assume that b1(W ) = b1(C) + 4. By (a) f is a C
∞-fiber bundle and
X is birational to the product C × F .
If C is rational then by Teichmu¨ller theory f is a trivial bundle.
Assume that genus C > 0. We will first prove that the birational (rational)
mapW → C × F is a morphism.
If this is not true then let W˜ → X be obtained by a smallest succession of
blowing ups so that the induced birational map W˜ → C×F is a morphism.
Let E be the last exceptional curve obtained in the blowing ups. Then the
image ofE inC×F is a curve. This curve cannot map onto the baseC since
genusC > 0. This is a contradiction. Hence we have a birational morphism
W → C × F . It is clear thatW cannot contain any rational curve since f is
a C∞-bundle and C is non-rational. Hence this birational morphism is also
finite. It follows that this morphism is an isomorphism.
HenceW is isomorphic to C × F .
Finally, assume that genus C > 2. Then the proof of part (a) shows that the
fibers of f are mapped to fibers of the projection C × F → C . Hence f is a
trivial bundle.
This proves part (b) of the proposition.

Remark. In (b) above it is not clear if f is itself a trivial bundle in case C is
of genus 1 or 2.
In view of the proposition we can now assume for the rest of the proof that
b1(X) = b1(C) + 2
Wewill need to use precise knowledge of singular fibers of a genus-2 fibra-
tionX → B on a smooth projective surface X from [11].
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For the purpose of calculating the fundamental group of X in this paper
the singular fibers which contain an elliptic curve need a careful scrutiny.
Firstly, every singular fiber contains an irreducible component which oc-
curs with multiplicity 1 in the scheme-theoretic fiber. There are only two
types of singular fibers which contain an elliptic curve occurring with mul-
tiplicity 2 in the fiber, viz. those of numerical type (12) on pages 155 and
159 in [11]. Next, suppose that a singular fiber contains an elliptic curve
(which is the only case of real interest in this paper by Lemma 1 below). In
the Step 1 in the proof we eliminate most types of singular fibers contain-
ing a reduced elliptic curve as a component. After this step we have the
situation that the union of rational curves in any singular fiber is a disjoint
union of is simply-connected curves. The union of rational curves can be
contracted to finitely many normal singular points on a normal compact
complex surface T . An easy application of Van Kampen’s theorem shows
that the induced homomorphism pi1(X) → pi1(T ) is an isomorphism. This
observation will be rather useful in some of the arguments.
In our proof we will first deal with the cases when at least one singular
fiber contains a reduced elliptic curve and then deduce the result in the
two cases when only multiple elliptic curves occur in singular fibers.
2. PROOF OF THE THEOREM.
We now assume that b1(X) = b1(C) + 2.
We have an induced exact sequence of abelian varieties and homomor-
phisms
Alb(F )→ Alb(X) → Alb(C)→ (0)
and the image of the homomorphism Alb(F ) → Alb(X) is a 1-dimensional
abelian subvariety of Alb(X) denoted by E′. This will be essentially the
elliptic curve E in the statement of the theorem.
By Poincare´’s complete reducibility we can find an abelian subvariety S ⊂
Alb(X) such thatE′∩S is finite and Smaps ontoAlb(C)with a finite kernel.
Now Alb(X)/S is an elliptic curve E0. This gives a surjective morphism
X → E0. Let g : X → E be the Stein factorization of this morphism.
Proof of Part (1) of the Theorem.
Now we will assume that f is not a C∞-fiber bundle. We will use the
knowledge of possible singular fibers in a genus-2 fibration.
In [11] and [14] the authors have given a complete classification of the sin-
gular fibers that can occur in a genus-2 fibration. There are 44 different
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possible types of singular fibers. Any component of each fiber is either a
rational curve or an elliptic curve. The next result says that many of these
fibers cannot occur in our situation.
Lemma 1. Every singular fiber of f contains an elliptic curve.
If a singular fiber of f is irreducible then it is an elliptic curve with exactly one
ordinary node and no other singular point.
Proof. Since f is flat, every scheme-theoretic fiber has arithmetic genus 2.
Suppose that a singular fiber F0 has all its components only rational curves.
Then the image of F0 in Alb(X) is a point. By continuity, all the fibers
of f are mapped to points in Alb(X). This implies that we have an iso-
morphism Alb(X) → Alb(C). This is a contradiction since by assumption
b1(X) = b1(C) + 2.
Suppose that F0 is an elliptic curve with an ordinary cusp. Then F0 has
a non-constant morphism to the elliptic curve E′ which is the kernel of
Alb(X) → Alb(C). Since any non-constant morphism between smooth el-
liptic curves is e´tale we get a contradiction by considering the inducedmor-
phism F0 → E′, where F0 is a smooth model of F0.
This completes the proof of Lemma 1.
By Lemma 1 there is some elliptic curve Es contained in a fiber of f which
also maps onto E0. As defined earlier, g : X → E is the Stein factorization
of the map X → E0. Since the map Es → E is non-constant, E is a smooth
elliptic curve. We will prove that this is the elliptic curve in the statement
of the theorem.
We have a morphism h := f ×g : X → C×E. Then hmaps fibers of f onto
fibers of the first projection of C × E which are all isomorphic to E.
Note that the morphism h is defined even when f is a C∞-fiber bundle,
since by assumption b1(X) = b1(C) + 2.
Any rational component of any fiber of f maps to a point in C and E both,
hence maps to a point in C × E.
Let Z be the normalization of C × E in the function field of X. It fol-
lows that Z is a projective surface. We get an induced finite morphism
h0 : Z → C × E.
It is clear that for any singular fiber of f at least one elliptic component of
this singular fiber (which exists by Lemma 1) maps onto E. The next re-
sult will imply that any elliptic component in a reducible fiber of f maps
onto E, so that Z is obtained from X by contracting rational components
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in fibers of f to points.
Lemma 2. Suppose that a singular fiber F0 of f contains two elliptic curves Ei.
Then the induced maps Ei → E are both non-constant.
Proof. In the lists in [11], [14], only the singular fiber of type (13) in [11] con-
tains two (smooth) elliptic curves joined by a linear chain of (−2)-curves.
By the proof of Lemma 1 at least one of these two curves maps onto E, so
that its image under h is not a point. Suppose E2 maps to a point in E. If
D ⊂ X is an irreducible curve such that f(D) = C then h(D) is a curve.
Hence the only irreducible curves in X which map to points under h are
some components of fibers of f .
Let Z be the surface defined above. Let f0 : Z → C be the induced genus-2
fibration on Z . Every scheme-theoretic fiber of f0 has arithmetic genus 2
since f0 is a flat map. But the image ofE1 in Z will be a reduced curve with
a unibranch singularity. This contradicts the proof of Lemma 1.
This contradiction proves the result.
From Lemma 1 and 2 it follows that the morphismX → E factors through
Z .
For a general fiber F of f consider the map pr2 ◦ h : F → E. By Riemann-
Hurwitz formula either there are two points in F which are ramified for
this map with ramification index 2 each, or a single point which is rami-
fied with ramification index 3. It follows that the union of these ramified
points, say R, consists of either two irreducible curves R1, R2, or a single
irreducible curve R. Each Ri (resp. R) maps onto C under f .
Case 1. The ramification locus R is a cross section of f .
In this case there is a unique point in a general fiber F which is ramified for
the map F → E. The image of R in C ×E, say B, is then a cross-section for
p1 : C × E → C . Since B meets every fiber of p1 transversally the surface
Z is a C∞-fiber bundle over C . In this case, X = Z and f has no singular
fibers. We will consider this case later after Step 5 and show that it cannot
occur.
Case 2. The ramification divisor has two irreducible components R1, R2.
Now both Ri are cross-sections for f and their images Bi are cross-sections
for p1.
Note that E acts on C × E by translation on the second factor. Any cross-
section for p1 can be assumed to give the identity element in the fibers of p1,
considered as an abelian variety. So we will assume that B1 is a standard
cross-section for p1.
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In particular, B2i = 0 for i = 1, 2. IfB1∩B2 = φ thenZ is a C∞-fiber bundle.
Case 3. The ramification divisor is irreducible and is not a cross-section.
Proof of Case 2.
Wewill first consider Case 2 assuming that there is an elliptic curve in some
singular fiber which occurs with multiplicity 1 in that fiber and use the re-
sults obtained to deal with Case 3 and the remaining (two) cases of singular
fibers which contain a non-reduced elliptic curve.
Since the proof is somewhat long we will split it in several steps.
Step 1. Elimination of certain singular fibers.
This step is also applicable in Case 2 and Case 3 when some elliptic curve
occurs in a singular fiber of f with multiplicity 1.
Assume that there is a singular fiber F0 of f which is a union of a re-
duced elliptic curve E0 having at most unibranch singular points and cer-
tain number of connected curves T1, T2, ... which are disjoint from each
other and each of which is a union of rational curves, each Ti meeting E0
in only one point.
Each Ti contracts to a normal singular point on a normal compact complex
surface X0 with an induced genus-2 fibration f0 : X0 → C . It follows that
the image of E0 inX0 is a reduced fiber E
′
0
having only unibranch singular
points and with arithmetic genus 2. But then E′
0
maps onto a smooth ellip-
tic fiber of the map C ×E → C . This is a contradiction, as seen in the proof
of Lemma 1.
Nowwe can assume in the subsequent arguments that f has no such singu-
lar fiber. This eliminates many types of singular fibers containing an elliptic
curve occuring with multiplicity 1. From the list in [11] it now follows that
any connected component of the union of rational curves in any singular
fiber is a tree of (−2)-curves which can be contracted to a rational double
point. This observation will be useful later.
Lemma 3. The natural homomorphism pi1(X)→ pi1(Z) is an isomorphism.
Proof. This follows from the discussion in the preliminaries.
Lemma 3 will be useful later.
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Step 2. The case when R = R1 ∪R2 and every elliptic curve in a singular
fiber occurs with multiplicity 1.
The proof in this step contains all the crucial ideas.
In view of Step 1, in the present step whenever a singular fiber contains an
elliptic curve one of the following two things can happen.
(a) Either there are two elliptic curves in that fiber, or
(b) The contraction of the rational curves in that fiber does not give a (re-
duced) elliptic curve with at most unibranch singularities.
Now consider the finite morphism h0 : Z → C × E. We denote the images
of Ri in Z by R
′
i. It is clear that the ramification index of R
′
i over Bi is 2
and the map R′i → Bi is an isomorphism since both are cross-sections. Let
q ∈ B1 ∩B2. There is a unique point p ∈ R′1 ∩R′2 which maps to q.
The next result is rather technical. This result is needed for some later ar-
guments.
Lemma 4. Let (Z, p) be a germ of a rational double point in dimension 2. Let
pi : (Z, p) → (C2, 0) be a finite analytic map. Assume that pi is ramified precisely
over {X = 0} and {X − Y l = 0} for some l ≥ 1. Further assume that there
is a unique irreducible component of the inverse image of {X = 0} in Z which is
ramified and has ramification index 2, and similarly there is a unique irreducible
component of the inverse image of {X − Y l = 0} in Z which is ramified and has
ramification index 2. Then pi is Galois.
Proof. We denote the ring C[[X,Y ]] by T .
If l = 1 then the branch locus B is a normal crossing divisor in the germ
(C2, 0). Using the fact that pi1(C
2 − B) ∼= Z× Z, it is easy to see that pi is in
fact an abelian extension.
Now we will assume that l > 1 for the rest of the argument.
Consider the ring T [X1/2, (X − Y l)1/2]. This is an integral extension of T
and the extension of the quotient fields is Galois with Galois group Klein’s
four-group V4. Let S be the local ring of Z at point p. So that we have an
inclusion T → S. We wish to show that this inclusion is Galois. We have
the commutative diagram:
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C[[s, t]] T [X1/2, (X − Y l)1/2]
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gg❖❖❖❖❖❖❖❖❖❖❖❖❖
Here Q is the compositum of S and T [X1/2, (X − Y l)1/2]. Since the ram-
ification indices over the curves {X = 0} and {X − Y l = 0} in both the
extensions S and T [X1/2, (X − Y l)1/2] are same, by Abhyankar’s lemma
[1] we see that T [X1/2, (X − Y l)1/2] ⊂ Q is an unramified extension. Let
u := X1/2, v := (X −Y l)1/2. Then T [X1/2, (X − Y l)1/2] defines the rational
double point {u2−v2−Y l = 0}. It follows thatQ, being divisorially unram-
ified over this singularity, is also a rational double point. Now Q is a ring
of invariants of C[[s, t]] by a finite subgroup of SL2(C). Thus we have an
inclusion T → C[[s, t]] which is uniformly ramified in co-dimension one in the
sense of Griffith [6]. This means that for any height 1 prime ideal P ⊂ T the
ramification index of any prime ideal in C[[s, t]] lying over P depends only
on P . From the result of ([6], Theorem 1.6) we can conclude that it is Galois,
with the Galois group denoted by G. It is easy to see that the Galois group
of the extension T [X1/2, (X − Y l)1/2] ⊂ C[[s, t]] is Z/lZ and the degree of
the extension T = C[[X,Y ]] ⊂ C[[s, t]] is 4l.
Suppose T ⊂ S is not Galois. Then there is a non-normal subgroup in G,
say H , which corresponds to the extension S ⊂ C[[s, t]] . Because T →
T [X1/2, (X −Y l)1/2] is Galois, Z/lZ is normal in G and we have the follow-
ing exact sequence:
(1)→ Z/lZ→ G→ V4 → (1).
Case 1. H does not intersect Z/lZ.
In this caseH is isomorphic to Z/2Z or V4. IfH is isomorphic to Z/2Z then
the inclusion S ⊂ C[[s, t]] has degree 2 and it is unramified because S is not
regular. This makes the map C[[X,Y ]] ⊂ S Galois due to the above men-
tioned result of Griffith in [6].
Assume now that H is isomorphic to V4. We claim that H is generated by
pseudo-reflections. This is seen as follows. SinceH is abelian its action can
be assumed to be diagonal. IfH is not generated by pseudo-reflections then
σ(s, t) = (−s,−t), τ(s, t) = (s,−t) generateH . Then the ring of invariants
is {s2, t2}. This shows that Z is smooth, a contradiction to the hypothesis.
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Case 2. Thus we can assume thatH ∩ Z/lZ is Z/mZ for somem ≤ l.
We denote the quotient of C[[s, t]] by Z/mZ by W . Then W is defined by
the equation Z1Z2 = Z
m
3
where Z1 = s
m, Z2 = t
m and Z3 = st are the
invariants of the action of Z/mZ on C[[s, t]] . As elements of C[[s, t]] we
have u = (sl + tl)/2, v = (sl − tl)/2 and Y = st. Because Y ∈ T the element
st is invariant under the action of H onW . Again, the following two short
exact sequences are possible
(1) → Z/mZ → H → Z/2Z→ (1)
(1) → Z/mZ→ H → V4 → (1).
In the first case let σ be the generator of Z/2Z. Then σ(Z3) = Z3 and
because Z1Z2 = Z
m
3
, σ(Z1Z2) = Z1Z2 the element σ acts on Z1 and Z2
in the following two possible ways: σ(Z1) = UZ1 and σ(Z2) = Z2/U or
σ(Z1) = UZ2 and σ(Z2) = Z1/U , where U is a unit. If σ(Z1) = UZ1 and
σ(Z2) = Z2/U then because the order of σ is 2, it is easy to see that σ(
√
U) =
1/
√
U or σ(
√
U) = −1/√U . If σ(√U) = 1/√U then let Z ′1 =
√
UZ1 and
Z ′2 = Z2/
√
U . Then σ(Z ′1) = Z
′
1 and σ(Z
′
2) = Z
′
2, showing that σ acts
as the identity element, which is not possible as σ generates Z/2Z. Thus,
σ(
√
U) = −1/√U . In which case σ(Z ′1) = −Z ′1 and σ(Z ′2) = −Z ′2, and
the invariants under this action are Z ′1
2, Z ′2
2 and Z3. This implies that the
singularity of Z is an A2m−1 singularity (since the degree of the extension
S ⊂ C[[s, t]] is now 2m), and hence the inclusion S → C[[s, t]] is unramified.
Then the inclusion C[[X,Y ]] ⊂ S is uniformly ramified, and hence Galois
by the result of Griffith used earlier. This means thatH is normal.
On the other hand, if σ(Z1) = UZ2 and σ(Z2) = Z1/U then a similar analy-
sis will show that Z is smooth, which is a contradiction to the hypothesis.
We now turn our attention to the second exact sequence. The extension
W → Z is Galois with Galois group V4. Let σ and σ′ be the generators of
V4. All the elements of V4 leave Z3 = st fixed. Then by the same argument
as in the case of the first exact sequence we can show that W/σ is either
smooth or an A2m−1 singularity. Further denoting W/σ by W
′ we can ar-
gue that if W ′ is an A2m−1 singularity then W
′/σ′ is either smooth or an
A4m−1 singularity. The former is a contradiction to hypothesis and the lat-
ter implies that H is normal. If W ′ is smooth then W ′/σ′ = Z is smooth
because one of the invariants of the local ring ofW ′ under the action of σ′
is Z3 = st. Hence σ
′ acts as a pseudo-reflection on W ′, implying that Z is
smooth. ThusH is normal in G.
This completes the proof of Lemma 4.
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Now with Z as above, let f0 : Z → C, h0 : Z → C × E be as before. Then
we have the following result.
Lemma 5. No component of any fiber of f0 is ramified for the map h0.
Proof. Clearly no regular fiber of f0 is ramified for h0. Any component of
a singular fiber of f0 is an elliptic curve and it occurs with multiplicity 1
in the corresponding scheme-theoretic fiber. Using pr1 ◦ h0 = 1C ◦ f0 we
deduce that no component of any fiber of f0 is ramified for the map h0.
Lemma 6. The inverse image of B1 in Z has R
′
1
as a connected component.
Proof. The branch locus for the map Z → C × E is B1 ∪ B2. The inverse
image ofB1−B2 is clearly smooth sinceB1 is smooth. Lemma 4 shows that
for any point p ∈ B1 ∩B2 the map Z → C ×E is locally Galois. By Lemma
5, it is e´tale at points of Z not lying in R′
1
∪R′
2
. This proves the assertion.
Remark. We need lemma 4 only for the proof of Lemma 6. Without Lemma
4 it is not clear, a priori, whether the inverse image of Bi can contain an
irreducible component which is not ramified for h. If a simpler argument
can be given for Lemma 6 then the technical Lemma 4 can be avoided.
Lemma 7. Suppose that f is not a C∞-fiber bundle. Then the degree of the map
Z → C × E is 2. In particular, there is an action of Z/(2) on Z with quotient
C × E.
Proof. If B1, B2 do not intersect then again Z is a C
∞-bundle and f has no
singular fibers. Hence B1.B2 > 0. We have seen that B
2
i = 0 for i = 1, 2.
Now (B1 + B2)
2 > 0 and B1 + B2 is a nef and big divisor. The divisor
R′
1
∪ R′
2
is connected because R′i → Bi is an isomorphism and R′i is a con-
nected component of the inverse image of Bi. By Lemma 6, there is a tubu-
lar neighbourhood T1 of R
′
1
such that its image under the map Z → E × C
is a tubular neighbourhood of B1 and the full inverse image of B1 in T1 is
R′
1
, the ramification index of R′
1
over B1 being 2. Thus the map Z → E×C
restricted to T1 is of degree 2. Similarly there is a tubular neighbourhood
T2 aroundR
′
2
such that the map restricted to T2 has degree 2. Thus the map
Z → E × C restricted to T1 ∪ T2 has degree 2. It is easy to see that the
complement of B1 ∪B2 in C ×E is affine. Thus by a suitable application of
Hartogs’ result, the degree of the map Z → E × C is 2.
Since the map h0 is finite the second assertion follows.
Remark. Since Z → C × E has degree 2 and R′i is ramified for this map, we
see that R′i is in fact the full inverse image of Bi.
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Since X → Z is a minimal resolution of singularities, this Z/(2)-action ex-
tends naturally to X. Since the fixed points of a finite group acting on a
smooth variety is a closed smooth subvariety R1, R2 are both smooth and
disjoint. The other irreducible curves in X fixed by this action are fiber
components of f , for otherwise any horizontal fixed curve will be a rami-
fied curve for the map X → C × E.
This observation will be useful later when we consider the case when R is
a 2-section.
Lemma 8. There is a fibration Z → E with connected fibers such that there is a
short exact sequence
(1) → pi1(R′1)→ pi1(Z)→ pi1(E)→ (1)
where E is the elliptic curve in the above discussion.
Proof. We choose the obvious map p2 ◦ h0 : Z → E. We have seen above
that R′
1
is the full inverse image of B1, so that R
′
1
is set-theoretically the full
fiber of p2 ◦ h0.
We claim that the fibers of p2 ◦ h0 are connected. To see this we note that
the degree of h0 is 2. If a general fiber of this map is not connected then we
consider the Stein factorization ϕ : Z → E′ of the map Z → E. Let E1 be
an elliptic curve in some singular fiber of f . Then the map ϕ : E1 → E′
is dominant. Hence E′ is also an elliptic curve. Consequently, the map
E′ → E is e´tale. There are at least two points in E′ over every point in E.
It follows that the inverse image of B1 contains at least two curves. This
contradiction proves the claim.
Using the observations that R′
1
has ramification index 2 over B1 and B1 is
a fiber of the map C × E we infer that R′
1
occurs with multiplicity 2 in the
corresponding fiber. Consider the induced fibration X → E. The corre-
sponding fiber of this fibration is G0 := R1 ∪∆, where∆ is a disjoint union
of simply-connected curves.
Claim. G0 has multiplicity 1, i.e. the gcd of the multiplicities of the irre-
ducible components of G0 is 1.
We first prove that under the hypothesis of Step 2 every singular fiber has
a rational curve as an irreducible component. Indeed, if there is no rational
curve in a singular fiber then the singular fiber will be an elliptic curve with
a node or a union of two smooth elliptic curves intersecting transversally
at one point. The ramification divisor R can meet such fiber only at the
point of singularity of the fiber because a non-constant map between ellip-
tic curves is unramified. Thus both R1 and R2 will have to pass through
the point of singularity of the fiber. But the intersection of R with a fiber is
atmost 2. This is a contradiction.
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Now assume that the claim is not true, then the multiplicity ofG0 is 2 since
R1 occurs with multiplicity 2. Let q ∈ E be the image of G0. Let U be a
small disc in E with center q and let t be a local parameter at q in U . Let
N be the inverse image of U in X. We consider another disc U˜ with local
parameter τ and the holomorphic map U˜ → U sending τ → τ2. Let N˜ be
the normalization of the fiber product N ×U U˜ . Then N˜ → N is proper
and e´tale of degree 2. The inverse image of ∆ splits into a disjoint union
of simply-connected curves. Let R˜1 be the inverse image of R1 in N˜ . We
can contract the simply-connected curves to normal singular points on a
normal surface N˜0 which has induced e´tale map N˜0 → Z . The image of R˜1
in N˜0 is therefore smooth. It is a full fiber of the map N˜0 → U˜ and occurs
with multiplicity 1 by construction. This easily implies that the local ring
of N˜0 at any of the singular points is regular. This contradiction proves the
claim.
Now by ([17], Lemma 2) we deduce the following exact sequence:
pi1(R
′
1)→ pi1(Z)→ pi1(E)→ (1).
The map pi1(R
′
1
) → pi1(Z) is injective because the following diagram com-
mutes
pi1(R
′
1
) −−−−→ pi1(Z)
l
y
y
pi1(C)
m−−−−→ pi1(E × C)
where l is an isomorphism andm is injective. This proves the lemma.
Lemma 9. The fundamental group of X is pi1(C)× pi1(E)
Proof. We have the following diagram
(1) −−−−→ pi1(R′1) −−−−→ pi1(Z) −−−−→ pi1(E) −−−−→ (1)
b∗
x
pi1(F ) −−−−→ pi1(X) −−−−→ pi1(C). −−−−→ (1)
Here b∗ is an isomorphism. The lower row in the diagram splits, using
a splitting σ : pi1(C) → pi1(X), because R1 → C is a cross-section of f .
We denote the image of pi1(F ) inside pi1(X) by I . The image of σ coin-
cides with the image of pi1(R
′
1
) under b−1
∗
making it a normal subgroup of
pi1(X). Since the intersection of I and this normal subgroup is trivial we
have pi1(X) = I · pi1(R1). The upper row shows that pi1(Z)/pi1(R′1) = pi1(E)
thus I = pi1(E). Since I, pi1(C) are both normal and have a trivial intersec-
tion they commute with each other.
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This completes the description of pi1(X)whenR = R1∪R2 and any elliptic
curve in a singular fiber occurs with multiplicity 1.
Step 3. The case when R = R1 ∪ R2 and some singular fiber F0 contains
an elliptic curve with multiplicity 2.
From [11] there are only two types of singular fibers which contain non-
reduced elliptic curves, viz. those of numerical type (12) on pages 155 and
159 of [11]. In each of these cases the fiber is a union of a smooth elliptic
curve (occurring with multiplicity 2) and a disjoint union of at most two
trees of smooth rational curves which contract to rational double points in
Z .
We will briefly indicate the proof by using arguments from Step 2.
We have the exact sequence
pi1(F )→ pi1(X) → pi1(C)→ (1).
We can assume that F lies in a tubular neighborhood T of F0. Clearly,
pi1(T ) ∼= pi1(F0) ∼= Z⊕ Z. This gives the exact sequence
Z⊕ Z→ pi1(X)→ pi1(C)→ (1).
Since b1(X) = b1(C)+2we see that the first map in this sequence is an injec-
tion and the image is a normal subgroup of pi1(X). The sequence splits, as
before, using one of the cross-section, sayR1. Hence pi1(X) ∼= pi1(C)·(Z⊕Z).
Next, we again consider the morphism X → C × E, inducing a morphism
Z → C ×E. Under this map the factor Z⊕Zmaps injectively to pi1(E) and
the map on the second factor pi1(C) is an isomorphism. Using normality
of Z ⊕ Z in pi1(X) we deduce that pi1(X) ∼= pi1(C) × (Z ⊕ Z) as follows.
Let α ∈ Z ⊕ Z, β ∈ pi1(C). The images of these elements in pi1(E), pi1(C) in
pi1(E×C) commute. Hence α, β−1αβmap to the same element in pi1(E×C).
But the map (Z⊕ Z)→ pi1(E) is injective. This shows that α, β commute.
This completes the proof of the part (1) of the theorem when R is a union
of two cross-sections.
Proof of Case 3.
Step 4. The case when R is irreducible, not a cross-section, and there is
at least one singular fiber containing a reduced elliptic curve.
Again, let f : X → C be a genus-2 fibration satisfying the properties men-
tioned above with R irreducible and not a cross-section. In this sub-section
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we prove that the degree of the mapX → E ×C is 2 and discuss the struc-
ture pi1(X). These observations will help us verify the Shafarevich conjec-
ture forX.
Lemma 10. The map X → E × C has degree 2.
Proof. We have a map f |R : R → C of degree 2. We consider the desingu-
larized fiber product Y = R ×C X. The fibration f ′ : Y → R is a genus-2
fibration with connected fibers. Since f has a fiber, say Fs, containing a re-
duced elliptic component, say Es, we can see that the same thing is true for
f ′.
We briefly indicate a proof of this. If the map R → C is ramified at a point
inRwhereRmeets Fs then an easy argument shows that Es is ramified for
the map Y → X. Since the degree of the map Y → X is 2 the inverse image
of Es in Y contains an elliptic curve. On the other hand, if the map R→ C
is e´tale at points in R ∩ Fs then Y → X is e´tale over Fs. Again, the inverse
image of Es in Y contains an elliptic curve.
Hence f ′ cannot be a C∞-fiber bundle. Since the image of H1(F,R) →
H1(X,R) has image of rank 2, the same thing is true for Y . Hence b1(Y ) =
b1(R) + 2.
There is a map l : Y → E given by the composition Y → X → E.
Now f ′ has a tautological cross-section R′
1
such that there are two cross-
sections,R′
1
, R′
2
, of f ′ which lie over R. By the previous arguments the map
Y → R×E is a degree 2 map. Nowwe consider the commutative diagram:
Y −−−−→ X
y
y
R× E m−−−−→ C × E
By the proof of Step 2, the degrees of the maps Y → R×E, R×E → C×E
and Y → X are all 2. Thus the map X → C × E has degree 2.
We will need the following general result.
Lemma 11. Let f : W → V be a finite surjective analytic map between irreducible
normal complex spaces. Suppose that for some point p ∈ V there is a unique point
q ∈ W lying over p. Then the induced natural homomorphism pi1(W ) → pi1(V )
is a surjection.
Proof. Let B ⊂ V be the branch locus. Then f : W − f−1(B) → V − B
is a topological covering of finite degree, say d. Hence the homomorphism
pi1(W − f−1(B))→ pi1(V −B) is injective and the image has index d. Both
the homomorphisms pi1(W − f−1(B)) → pi1(W ), pi1(V − B) → pi1(V ) are
FUNDAMENTAL GROUP OF SOME GENUS-2 FIBRATIONS AND APPLICATIONS 17
surjections because V,W are normal. It follows that the image of the ho-
momorphism pi1(W ) → pi1(V ) has index at most d. Let H be the image
of this homomorphism. There is a connected covering V˜ → V such that
pi1(V˜ ) = H . If the above index is > 1 then there are at least two distinct
points in V˜ lying over p. By covering space theory we have a lift W → V˜ ,
which will also be a finite surjective analytic map. But W has a unique
point q lying over p. This is a contradiction.
Hence pi1(W )→ pi1(V ) is a surjection.
By the previous step, pi1(Y ) ∼= pi1(R)×pi1(E0), whereE0 is an elliptic curve.
If the map f |R is unramified then the map pi1(Y )→ pi1(X) is injective. Thus
we have pi1(R)× pi1(E0) as an index 2 subgroup of pi1(X). If the map f |R is
ramified then we have the following Lemma.
Lemma 12. Assume that f |R is ramified. Then pi1(X) = Γ1 × pi1(E0) where Γ1
is a surjective image of pi1(R).
Proof. Consider the commutative diagram:
pi1(Y )
b

a // pi1(X)
c

pi1(R× E) d // pi1(C × E)
The maps a and d are surjective by Lemma 11. The map R×E → C ×E is
given by f |R× id. The morphism Y → Rmay still have some singular fiber
containing a non-reduced elliptic curve. Hence we have an isomorphism
pi1(Y ) ∼= pi1(R) × pi1(E0). Under the map b the factor pi1(E0) maps injec-
tively to pi1(E). Let Γ1 and Γ2 be the images of pi1(R) and pi1(E0) in pi1(X)
under the map pi1(Y ) → pi1(X). We claim that Γ1 ∩ Γ2 = 1. This follows
from the observation that the images of Γ1,Γ2 are mapped respectively to
pi1(C), pi1(E) by c in the group pi1(C × E).
Step 5. The case when R is irreducible and every singular fiber contains
a non-reduced elliptic curve.
We again consider the desingularized fiber product Y : X×CR. First of all,
Y may not be relatively minimal. Since the fundamental group does not
change by contraction of a (−1)-curve, for the sake of simplicity of exposi-
tion, we will assume that f ′ : Y → R is relatively minimal.
Claim. f ′ is not a C∞-bundle.
To see this we will look closely at the two types of singular fibers Fs which
contain an elliptic curve Es occuring with multiplicity 2.
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SupposeR meets Es. Since the degree of the map R→ C is 2, the intersec-
tion Es ∩R is a single point and the intersection is transverse. But then the
map h|Es : Es → E is ramified. This is not possible. HenceR does not meet
Es.
Suppose that R → C is e´tale at all the points in Fs ∩ R. Then clearly the
inverse image of Es in Y is a union of elliptic curves. Hence f
′ is not a
bundle.
Now assume that R → C is ramified at some point, say p, in Fs ∩ R. From
the nature of Fs we see that p lies in an irreducible rational component F1
of Fs. If this component occurs with multiplicity 2 in Fs then again the map
Y → X is e´tale in a neighborhood of Es. Hence f ′ cannot be a bundle.
Assume finally that F1 occurs with multiplicity 1. In one type of singular
fiberEs and F1 are connected by rational components each of which occurs
with multiplicity 2 in Fs. Hence Y → X is e´tale in a neighborhood of Es,
proving that f ′ is not a bundle.
Suppose F1 meets Es. Then their intersection is a single point with a trans-
verse intersection. Then we see that F1 is ramified for the map Y → X
and the inverse image of Es in Y is a smooth irreducible curve E˜s, the map
E˜s → Es has degree 2 and there is a unique point in E˜s which is rami-
fied for the map to Es with ramification index is 2. This contradicts the
Riemann-Hurwitz formula.
This contradiction proves the claim.
By the claim above, f ′ is not a C∞-fiber bundle. Then b1(Y ) = b1(R) + 2.
Now the ramification divisor for the morphism Y → R× E splits into two
cross-sections (one of which is the tautological cross-section). We can now
use Step 2 or Step 3 for Y . Hence pi1(Y ) ∼= pi1(R) × (Z ⊕ Z). If R → C is
e´tale (of degree 2) then Y → X is e´tale (of degree 2). Hence pi1(R)× (Z⊕Z)
is a subgroup of index 2 of pi1(X).
Suppose that R → C is ramified. Then pi1(R) → pi1(C) is onto by Lemma
11. In this case we deduce that pi1(X) ∼= Γ× (Z ⊕ Z), where Γ is the image
of pi1(R)→ pi1(X).
Proof of Case 1.
Nowwe consider the remaining case when R is a cross-section.
We will show that this case cannot occur.
The degree of themapR→ C is 3. In this case the branch curveB is a cross-
section for themapC×E → C . Hence themapZ → C is aC∞-bundle,X =
Z and f is aC∞-bundle. SinceB is smooth, by a local analysis we see easily
that its inverse image in X is smooth. Since R is the ramification divisor
in X we deduce that R is the full inverse image of B with ramification
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index 3. Now C cannot be rational, otherwise by Teichmu¨ller theory X ∼=
C×F which contradicts the assumption b1(X) = b1(C)+ 2. The long exact
homotopy sequence for the bundle f gives a short exact sequence
(1)→ pi1(F )→ pi1(X) → pi1(C)→ (1).
Using the cross-section R we have a splitting pi1X) ∼= pi1(F ) · pi1(C), where
pi1(F ) is normal by the above short exact sequence.
Since R is the full inverse image of B, the proof of Lemma 8 gives a short
exact sequence
(1) → pi1(R)→ pi1(X) → pi1(E)→ (1).
This shows that pi1(R) ∼= pi1(C) is a normal subgroup of pi1(X). This finally
shows that pi1(X) ∼= pi1(F ) × pi1(C). But then b1(X) = b1(C) + 4, a contra-
diction.
This completes the proof of part (1) of the theorem.
Proof of part (2).
Suppose now thatX → C is a genus-2 fibration with no singular fibers.
If C is rational then using Teichmu¨ller theory we know that f is a trivial
bundle.
Suppose that genus ofC is 1. Again by Teichmu¨ller theory all the fibers of f
are mutually isomorphic. In this case it is known that after taking a suitable
finite unramified cover C˜ → C the fiber product X ×C C˜ is isomorphic to
C˜ × F .
This completes the proof of the theorem.
Remark. In the (2005) Ph.D. thesis of G. Karadog˘an ([10]) at the Middle
East Technical University it is proved that when f is a C∞-bundle and
b1(X) = b1(C) + 2, there is another morphism ϕ : X → E, where E is
an elliptic curve, such that ϕ has exactly two multiple fibers of multiplicity
2 each (the reduced fiber being smooth) and no other singular fibers.
3. PROOF OF COROLLARY 1. THE SHAFAREVICH CONJECTURE
We now prove the Corollary 1 stated in the Introduction. The following is
a well-known question raised by I.R. Shafarevich ([16], Chapter IX, §3).
Conjecture. Let X be a smooth projective variety over C. Then the universal
covering space X˜ of X is holomorphically convex.
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Recall that a complex manifold U is holomorphically convex if for any se-
quence of points un in U without a limit point there is a holomorphic func-
tion f on U such that the sequence |f(un)| is unbounded. A compact com-
plex manifold is trivially holomorphically convex. Any non-compact con-
nectedRiemann surface is Stein by awell-known result due to R.Narasimhan
[13], hence holomorphically convex. In [9] this conjecture was verified for
all smooth projective surfaces which are not of general type. Here we ver-
ify the conjecture for genus-2 fibrations f : X → C fibrations such that the
map b1(X) > b1(C).
Again by Beauville’s result mentioned before and the proposition in the
preliminaries, if b1(X) = b1(C) + 4 then X is isomorphic to the product
C × F . Since the universal cover of C × F is the product of the universal
covers of C,F , which is holomorphically convex, the result follows.
In view of this we will now assume that b1(X) = b1(C) + 2.
For later use we state here the following basic result due to R. Remmert and
K. Stein. ([15], Satz 8).
Let τ :W → V be a proper surjective holomorphic mapping between normal com-
plex spaces of same dimension. Then V is holomorphically convex if and only ifW
is holomorphically convex.
Case 2. R is a union of two cross-sections. We have shown in this case that
either
(1) pi1(X) ∼= pi1(C) × pi1(E), where E is an elliptic curve and the induced
map on the fundamental groups corresponding to a suitable morphism
X → C × E is this isomorphism, or
(2) pi1(X) ∼= pi1(C) × pi1(E0), where E0 is an elliptic curve (occuring in a
singular fiber).
Consider the case (1).
We have therefore the commutative diagram:
X˜
h−−−−→ U × C
v1
y v2
y
X
f×g−−−−→ C × E
Where X˜ is the fiber-product of the universal cover U × C of E × C and
X. The space X˜ is the universal cover of X. Now X˜ is holomorphically
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convex because X˜ → U × C is a proper map with generically finite fibers
and U × C is easily seen to be holomorphically convex.
Next consider (2).
In this case the homomorphism pi1(X) ∼= pi1(C)×pi1(E0)→ pi1(C×E) is an
isomorphism on the first factor and an injection with image of finite index
on the second factor.
Again, the universal cover X˜ of X is a connected component of the pull
back of U × C and the map X˜ → U × C is proper with finite fibers. Using
the Remmert-Stein theorem we see that X˜ is holomorphically convex.
Case 3. R is irreducible and not a cross-section.
The map f : X → C restricts to the map f |R : R → C . Hence we can con-
sider the desingularized fiber product Y = R ×C X. If f |R is unramified
then the map Y → X is e´tale. This implies that the universal cover of Y
is the universal cover of X. We know the conjecture to be true for Y and
hence it is true for X.
Now suppose that f |R is ramified. Then the map Y → X is of degree
2, hence pi1(Y ) → pi1(X) is either an injection with image of index 2, or
pi1(X) ∼= Γ1 × pi1(E) such that there is a surjection pi1(R)→ Γ1.
In the first case, using the holomorphic convexity of the universal cover of
Y we deduce that for the universal cover of X.
In the second case, pull-back of the universal cover X˜ of X to Y is of the
form U × C, where U → R is a suitable cover.
Since any Riemann surface is holomorphically convex we again deduce
that X˜ is holomorphically convex.
Case 1. R is irreducible and a cross-section.
We have shown that this case cannot occur.
This completes the proof of Corollary 1 mentioned in the introduction.
In [12] the author proves this result using powerful analytic methods. We
believe that our proof, which describes the fundamental group ofX explic-
itly, sheds more light on this result.
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In [5] the following result is proved.
If X is a smooth projective surface for which the Shafarevich Conjecture is true
then pi2(X) is a free abelian group.
Hence we get the Corollary 2 in the introduction as a consequence of our
Theorem.
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